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ABSTRACT
Objectives: The present report aims to identify the determinants of the basal, peak and maximum heart rates of cardiac 
patients who underwent dobutamine stress echocardiography (DSE).

Background: The determinants of basal, peak and maximum heart rates for the DSE data were not derived, considering the 
real situations that the responses were positive & heteroscedastic. Moreover, these determinants are little known in the 
literature. 

Methods: The considered data set (UCLA stress echocardiography data) in the current study consists of 31 factors/variables 
on 558 individuals, which is originally taken from a total of 1183 patients referred for DSE between March 1991 and March 
1996 to the UCLA Adult Cardiac Imaging and Hemodynamics Laboratories. The responses basal, peak and maximum heart 
rates are heterogeneous, positive, and gamma distributed, therefore, joint generalized linear gamma model fitting is used.

Results: The mean basal heart rate (bhr) increases as the percent maximum predicted heart rate (pctMphr) (P < 0.001), or 
maximum blood pressure (mbp) (P < 0.001) increases. The mean bhr decreases as the basal blood pressure (basebp) (P < 
0.001), or the dobutamine dose at maximum double product (dobdose) (P = 0.074), or age (P = 0.003) increases. The mean 
peak heart rate (pkhr) increases as the maximum heart rate (maxhr) (P < 0.001), or dpmaxdo (P < 0.001) increases. The mean 
pkhr decreases as the systolic blood pressure (sbp) (P < 0.001) increases. The mean pkhr is higher for the DSE cardiac patients 
of male (P = 0.076) than female, or the patients with no history of diabetes mellitus (hxofDM) (P = 0.003). The mean maximum 
heart rate (maxhr) increases as the pkhr (P < 0.001), or sbp (P < 0.001), or pctMphr (P < 0.001), or dpmaxdo (P < 0.001), or 
ejection fraction on dobutamine (dobEF) (P = 0.062) increases. The mean maxhr decreases as the mbp (P < 0.001), or age (P 
< 0.001) increases. There are many determinants of the variances of bhr, pkhr and maxhr. 

Conclusions: Mean basal heart rate is positively associated with the maximum blood pressure (BP), or percent maximum 
predicted heart rate, or double product of basal BP & basal heart rate, while it is negatively associated with basal BP, or age. 
The mean peak heart rate is negatively associated with the systolic BP, or age, or sex, while it is positively associated with 
maximum heart rate, or percent maximum predicted heart rate. The mean maximum heart rate is negatively associated with 
the maximum BP, or age, while it is positively associated with systolic BP, or percent maximum predicted heart rate. Many of 
the present findings and their effects are almost new in the heart rates diagnosis literature. 

KEYWORDS
Cardiac Parameters; Dobutamine Stress Echocardiography; Gamma Models; Heart Rates; Non-Constant Variance.

Citation: Das RN, Lee Y and Mukhopadhya BB. (2017). The Basal, Peak and Maximum Heart Rate Determinants of the Cardiac Patients 

Who Underwent Dobutamine Stress Echocardiography. M J Cardiol. 2(2): 013. 

ISSN: 2572-6420

mailto:rabin.bwn%40gmail.com
mailto:mfrieri%40numc.edu


www.mathewsopenaccess.com

2Citation: Das RN, Lee Y and Mukhopadhya BB. (2017). The Basal, Peak and Maximum Heart Rate Determinants of the Cardiac Patients 

Who Underwent Dobutamine Stress Echocardiography. M J Cardiol. 2(2): 013. 

INTRODUCTION
It is too hard to determine the individual heart rate changes 
even by an experienced heart specialist. Practically, there are 
many determinants for a heart rate to slow down, or speed up, 
or vary inexplicably. The determinants are not well-known in 
the heart disease literature [1, 2]. The maximum, peak and ba-
sal heart rates are generally used values in clinical medicine and 
physiology [3-5]. Generally, the percentage of peak, or maxi-
mum, or a fixed percentage of heart rate is used to prescribe 
the intensity of exercise, or medicine in both the rehabilitation 
programs and the disease prevention [6, 7]. It is known that a 
delayed heart rate recovery during the first and second minute 
after acute exercise is an independent predictor of overall mor-
tality [8, 9]. The peak, or maximum, or basal heart rate is widely 
used as a criterion for achieving peak exertion in the determina-
tion of maximal aerobic capacity [4, 10, 11].

Recently, some longitudinal and cross-sectional studies have 
pointed that aerobic endurance training accelerates heart rate 
recovery after exercise in healthy subjects [11, 12]. In many 
clinical settings, exercise testing is not used if subjects attain 
an arbitrary percentage of their age-predicted maximal heart 
rate [13, 14]. In earlier research articles [13, 14], mainly meta-
analysis and regression analysis have been used to identify 
the determinants of heart rates, assuming the response vari-
ance is constant. Note that the three heart rates basal, peak 
and maximum are positive and heterogeneous. For a positive 
response variable, the variance may be non-constant, due to 
variance-to-mean relationship. Such data set should be ana-
lysed using joint Log-normal and gamma models [15-17]. The 
current data sets (basal, peak and maximum) are positive, 
their variances are non-constant, distributions are non-nor-
mal, and the previous statistical methodologies are inappro-
priate. In addition, best of our knowledge, there is little study 
of heart rates for the DSE data [18]. These issues have moti-
vated us to locate the heart rate (basal, peak and maximum) 
determinants of the DSE data set [18]. 

The present report aims to examine the following hypotheses. 
What are the determinants of the basal, or peak, or maximum 
heart rate of the DSE data set? What are the associations of 
the determinants with the basal, or peak, or maximum heart 
rate? What are the effects of the determinants on the basal, 
or peak, or maximum heart rate? Answer of these hypotheses 
are little known in the cardiology literature. These issues are 
addressed in the current report. 

Statistical Data Analysis Methods
Some continuous positive responses such as basal, peak, and 
maximum heart rates have non-normal error distributions. 
The class of generalized linear models is used for analysing 
such data. In practice, the gamma and the log-normal distri-

butions are often used in modelling positive data [15, 16]. For 
some positive response variables, it is often observed that 
there exists a variance-to-mean relationship, consequently 
the response variance may be non-constant. For the analysis 
of such positive data yi’s, Nelder and Lee [17] proposed the 
joint generalized linear models (JGLMs) when

   iiyE µ=)(     and   Var (Yi) = 2
iσ  µi2

Where 2
iσ ’s are the dispersion parameters and V (*) is the 

variance function. The variance (in GLMs) consists of two 
components. One component is V(μi) which dependents on 
the mean changes, and the other is 2

iσ , independent of mean 
adjustment. Note that the variance function (in GLMs) charac-
terizes the GLM family distribution. For example, the distribu-
tion is gamma if V(μ) = μ2, normal if V(μ)= 1, and Poisson if 
V(μ) = μ, etc.
Joint generalized linear models for the mean and dispersion 
parameters (proposed by Nelder and Lee [17] are

       βµη t
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Where g(•)  and h(•) are GLM link functions (i.e., the rela-
tionship between the mean and the linear predictors, or the 
relationship between the variance and the linear predictors) 
for the mean and the dispersion respectively; and xt

i, are wt
i 

respectively, the row vectors (based on the levels of the vari-
ables) for the mean and the variance regression models. Maxi-
mum likelihood (ML) method is used for estimating the mean 
model parameters, and restricted ML (REML) estimators are 
used for the dispersion model [16].

Data Description and Descriptive Statistics
Data: 
The current study has considered a secondary data set (UCLA 
stress echocardiography data) of 31 variables on 558 subjects 
from a total of 1183 patients referred to the UCLA Adult Cardi-
ac Imaging and Hemodynamic Laboratories for DSE between 
March 1991 and March 1996. For every subject, 31 factors (Ta-
ble 1) have been observed. In the current analyses, we have 
considered only 558 subjects with all non-missing informa-
tion. This data set has been used by many authors [18-20]. A 
detailed description of the DSE data set, patient population, its 
collection method, and the DSE is given in [18]. We have not 
reproduced the data description herein as it would increase 
the length of the paper. It is well-known that the Dobutamine 
stress echocardiography is widely and successfully used to de-
termine whether a patient with or without known coronary 
artery disease has ischemia [21-23].
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Table 1: Operationalization of variables in the analysis.

Variable name Operationalization Mean (S.D.)/ 
Proportion

bhr (y1) Basal heart rate (bpm) 75.29 (15.42)

basebp (y2) Basal blood pressure 
(mmHg)

135.3 (20.77)

basedp (x1) Basal double prod-
uct (DP) bhr*basebp 
(bpm*mmHg)

10181 (2579.75)

pkhr (x2) Peak heart rate (bpm) 120.6 (22.57)

sbp (x3) Systolic blood pressure 
(mmHg)

146.9 (36.53)

dp (x4) DP pkhr*sbp 
(bpm*mmHg)

17634 (5220.53)

dose (x5) Dobutamine dose (DD) 
given

33.75 (8.13)

maxhr (x6) Maximum heart rate 
(bpm)

119.4 (21.91)

pctMphr (x7) Percent maximum 
predicted heart rate

78.57 (15.12)

mbp (x8) Maximum blood pres-
sure (mmHg)

156.0 (31.71)

dpmaxdo (x9) DP on max DD 
(bpm¤mmHg)

18550 (4901.43)

dobdose (x10) DD at max double 
product (mg)

30.24 (9.54)

age (x11) Age (years) 67.34 (12.05)

gender (F12) Gender (male = 0, 
female = 1)

0%=39.43, 
1%=60.57

baseEF (x13) Baseline cardiac ejec-
tion fraction

55.60 (10.32)

dobEF (x14) Ejection fraction on 
dobutamine

65.24 (11.76)

chestpain (F15) Chest pain (yes (y) = 0, 
no (n) = 1)

0%= 69.18, 1%= 
30.82

restwma (F16) Resting wall motion ab-
normality on echocar-
diogram (ECDG) (y = 0, 
n = 1)

0%= 53.94, 1%= 
46.06

posSE (F17) Positive stress ECDG (y 
= 0, n = 1)

0%= 75.63, 1%= 
24.37

newMI (F18) new myocardial infrac-
tion (MI) (y = 0, n = 1)

0%= 94.98, 1%= 
5.02

newPTCA (F19) Recent angioplasty (y = 
0, n = 1)

0%= 95.16, 1%= 
4.84

newCABG (F20) Recent bypass surgery 
(y = 0, n = 1)

0%= 94.09, 1%= 
5.91

Death (F21) death (y = 0, n = 1) 0%= 95.70, 1%= 
4.30

hxofHT (F22) History of hyperten-
sion (y = 0, n = 1)

0%= 29.57, 1%= 
70.43

hxofDM (F23) History of diabetes (y = 
0, n = 1)

0%= 63.08, 1%= 
36.92

hxofCig (F24) History of smoking 
(non-smoker = 0, mod-
erate = 1, heavy= 2)

0%= 53.41, 1%= 
24.73, 2%= 21.86

hxofMI (F25) History of MI (y = 0, 
n = 1)

0%= 72.40, 1%= 
27.60

hxofPTCA (F26) History of angioplasty 
(y = 0, n = 1)

0%= 92.65, 1%= 
7.35

hxofCABG (F27) History of coronary 
artery bypass surgery 
(y = 0, n = 1)

0%= 84.23, 1%= 
15.77

any event (F28) Death, newMI, 
newPTCA or newCABG 
(death = 0, no = 1) 

0%= 84.05, 1%= 
15.95

ecg (F29) Baseline electrocardio-
gram diagnosis (normal 
= 0, equivocal = 1, 
MI=2)

0%= 55.91, 1%= 
31.54, 2%= 12.72

VARIABLES
Dependent variables
The current article aims to locate the determinants of basal, 
peak, and maximum heart rates. Therefore, three separate 
analyses have been derived. The first analysis considers basal 
heart rate as the dependent variable, and the remaining other 
variables in (Table 1) as the independent variables. Similarly, 
the second and the third analyses consider respectively, peak 
and maximum heart rate as the dependent variable, and the 
remaining others as the independent variables.
Independent variables
The DSE data set contains two sets of independent variables 
namely, qualitative and quantitative. Sixteen independent 
variables (Table 1) are qualitative and the remaining others 
are continuous variables. A description of each set of item 
and how they are operationalized for the current study is dis-
played in (Table 1). 
Descriptive Statistics 
The proportion of all the levels of the categorical variables, 
arithmetic means and standard deviations of all the contin-
uous variables are displayed in Table 1. The average age of 
the study subject units is 67.34 years. The number of male 
(39.43%) study subjects are less than female (60.57%). The 
average basal, peak and maximum heart rates of the DSE pa-
tients are respectively, 75.29, 120.6, and 119.4. The percent-
ages of the DSE patients with restwma, chest pain, newMI, 
posSE, newCABG and newPTCA are respectively, 53.94%, 
69.18%, 94.98%, 75.63%, 94.09% and 95.16%. The percent-
ages of non-smoker, moderate and heavy DSE patients are 
respectively, 53.41%, 24.73%, and 21.86%. The DES pa-
tient’s history of hypertension (hxofHT), diabetes (hxofDM), 
coronary artery bypass surgery (hxofCABG), angioplasty (hx-
ofPTCA), and myocardial infraction (hxofMI) percentages are 
respectively, 29.57%, 63.08%, 84.23%, 92.65%, and 72.40%. 
The percentages of the ecg status of the DSE patients as nor-
mal, equivocal, and MI are respectively, 55.91%, 31.54%, and 
12.72%.

A descriptive idea of the factors/variables is given above. It is 
really interesting to identify what are the statistical significant 
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determinants of the basal, peak, and maximum heart rates? In 
the following sections, the statistical significant determinants 
of the basal, peak and maximum heart rates are derived. 

Basal Heart Rate Analysis, Results & Discussion
Basal heart rate analysis

One can easily examine that the responses basal, peak and 
maximum heart rates of the considered DSE data are positive 
and heteroscedastic. Therefore, these responses should be 
examined using both the gamma and the log-normal models 
[15, 16, 24]. We have analysed these three responses data us-
ing both the gamma and the log-normal models. It is found 
that the gamma model analysis gives better results than the 
log-normal model for all the three cases. Thus, we have re-
ported only the gamma model analysis results for these three 
cases. In the present section, we have derived the analysis of 
basal heart rate. 

In the present DSE data set, there are sixteen qualitative char-
acters or factors. We have accepted the constraint for factors 
that the effects of the first levels are zero. Thus, we have taken 
that the first level of each factor as the reference level by esti-
mating it’s as zero. Let ai for i = 1, 2, 3 be the main effect of A. 
Therefore, â2 = â2 -- â1, as we have taken â1 = 0. For example, 
the effect of the difference between the second and the first 
levels (i.e., â2 -- â1) in the main effect A gives the estimate of 
the effect A2. 

The basal heart rate (a continuous non-constant variance re-
sponse) has been analysed using the joint gamma models, 
based on the remaining other explanatory variables (Table 1), 
and the results are displayed in (Table 2). The selected models 
have the smallest Akaike information criterion (AIC) value in 
each class. Note that AIC selects a model which minimizes the 
squared error loss and predicted additive errors [25]. The final 
gamma fitted models (Table 2) have been selected based on 
minimum AIC value (2706.167). The selected models (Table 
2) include some partially significant factors (dobutamine dose 
at max double product (dobdose), electrocardiogram diagno-
sis (ecg), history of angioplasty (hxofPTCA), which are known 
as confounders in epidemiology. It is well-known that all the 
selected effects are not necessarily significant [25, 26]. The di-
agnostic plots of joint generalized linear gamma fitted models 
(Table 2) have been examined in (Figure 1). 

The absolute residual values are plotted with respect to fitted 
values in Figure 1(a) for the gamma fitted models (Table 2). 
The residuals plot is almost flat with respect to running means 
except the right tail. The right tail is increasing due to the larg-
est boundary value. The normal probability plot of the fitted 
gamma mean model (Table 2) is displayed in (Figure 1(b)) 
which does not show any systematic departure.

Table 2: Results for Mean and Dispersion Models of Basal Heart Rate.

Model covariate estimate stand-
ard 
error

 t-
value

 p-
value

Mean 
model

Constant 4.1999 0.0234 179.25  < 0.001

basebp (y2) -0.0067 0.0001 -64.80  <0.001

basedp (x1) 0.0001 0.0001 102.97  <0.001

pctMphr (x7) 0.0019 0.0004 4.39  <0.001

mbp (x8) 0.0007 0.0002 3.35  <0.001

dpmaxdo (x9) -0.0000 0.0001 -3.67  <0.001

dobdose (X10) -0.0003 0.0001 -1.79  0.074

age (x11) -0.0008 0.0002 -3.03  0.003

posSE (Fx17 2) -0.0070 0.0036 -1.91  0.056

ecg (Fx29 2) 0.0049 0.0033 1.45  0.148

ecg (Fx29 3) 0.0078 0.0048 1.60  0.110

Dis-
per-
sion-
model

Constant -3.0615 0.9509 -3.220  0.001

basebp (y2) -0.0070 0.0039 -1.770  0.077

dose (x5) 0.0268 0.0080 3.357  <0.001

mbp (x8) -0.0042 0.0022 -1.925  0.055

age (x11) -0.0132 0.0059 -2.230  0.026

dobEF (x14) -0.0358 0.0075 -4.762  <0.001

gender (Fx12 2) 0.4859 0.1432 3.394  <0.001

chestpain (Fx15 
2)

0.4779 0.1450 3.296  <0.001

hxofPTCA(Fx26 
2)

-0.4511 0.2520 -1.790  0.074

   

Figure 1a and 1b: For the gamma fitted models of basal heart rate (Table 
2), the (a) absolute residuals plot with respect to fitted values, and the (b) 
normal probability plot of the mean model.

Results of Basal Heart Rate
The summarized results of basal heart rate are given in (Table 2). 
It is observed (from Table 2) that mean basal heart rate (bhr) is 
separately negatively associated with the basal blood pressure 
(basebp) (P < 0.001), double product of maximum dobutamine 
dose (dpmaxdo) (P < 0.001), dobutamine dose at maximum 
double product (dobdose) (P = 0.074), age (P = 0.003), posi-
tive stress on echocardiography (posSE) (P = 0.056). Also the 
mean bhr is separately positively associated with the double 
product of basal blood pressure and basal heart rate (basedp) 
(P < 0.001), percent maximum predicted heart rate (pctMphr) 
(P < 0.001), maximum blood pressure (mbp) (P < 0.001), and 
ecg (P = 0.110). From the gamma fitted variance model (Table 
2), the bhr variance is separately negatively associated with the 
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basebp (P = 0.77), mbp (P = 0.055), age (P = 0.026), ejection 
fraction on dobutamine dose (dobEF) (P < 0.001), and hxofPTCA 
(P = 0.074). Also the bhr variance is separately positively associ-
ated with the dobutamine dose (dose) (P < 0.001), gender (P < 
0.001), and chest pain (P < 0.001). 

Interpretations of Basal Heart Rate

The mean model of basal heart rate (Table 2) interprets the 
followings:
The mean basal heart rate (bhr) is inversely significantly associ-
ated with the basal blood pressure (basebp) (P < 0.001). This 
implies that the bhr increases or decreases according as the 
basebp decreases or increases. The mean bhr is directly signifi-
cantly associated with the double product of basebp and bhr 
(basedp) (P < 0.001). Note that the basedp is a direct function 
of bhr. The mean bhr is directly significantly associated with the 
percent maximum predicted heart rate (pctMphr) (P < 0.001). 
The mean bhr is directly significantly associated with the maxi-
mum blood pressure (mbp) (P < 0.001). The mean bhr is inverse-
ly significantly associated with the double product of maximum 
dobutamine dose and mbp (dpmaxdo) (P < 0.001). The mean 
bhr is inversely partially associated with the dobutamine dose 
at maximum double product (dobdose) (P = 0.074), implying 
that the bhr increases or decreases according as the dobdose 
low or high. The mean bhr is inversely significantly associated 
with the age (P = 0.003). The mean bhr is inversely significantly 
associated with the positive stress on echocardiogram (yes = 
0, no = 1) (posSE) (P = 0.056), implying that the bhr is higher or 
lower according as the DSE cardiac patients with having or not 
having posSE. The mean bhr is directly partially associated with 
the baseline electrocardiogram diagnosis (normal = 0, equivo-
cal = 1, MI = 2) (ecg) (P = 0.110), implying that the bhr is higher 
of the DSE cardiac patients with ecg at the MI level. 

The variance model of basal heart rate (Table 2) interprets the 
followings:
The variance of the basal heart rate (bhr) is inversely partially 
associated with the basebp (P = 0.077). Note that the basebp 
has the similar inverse association with both the mean and vari-
ance of bhr. The bhr variance is directly significantly associated 
with the given dobutamine dose (dose) (P < 0.001). The bhr 
variance is inversely significantly associated with the mbp (P = 
0.055). Note that mbp has direct and inverse association with 
the mean and variance of bhr, respectively. The bhr variance 
is inversely significantly associated with the age (P = 0.026). 
The bhr variance is inversely significantly associated with the 
ejection fraction on dobutamine dose (dobEF) (P < 0.001). The 
bhr variance is directly significantly associated with the gender 
(male = 0, female = 1) (P < 0.001), implying that the bhr vari-
ance is lower for male than female. The bhr variance is directly 
significantly associated with the chest pain (yes = 0, no = 1) (P 

< 0.001), implying that the bhr variance is lower for the DSE 
cardiac patients having chest pain. The bhr variance is inversely 
partially associated with the history of angioplasty (yes = 0, no 
= 1) (hxofPTCA) (P = 0.074), implying that the bhr variance is 
lower for the DSE cardiac patients having no hxofPTCA. 

Peak Heart Rate Analysis, Results & Discussion

Peak Heart Rate Analysis 

The peak heart rate (a continuous non-constant variance re-
sponse) has been analysed using the joint gamma models, based 
on the remaining other explanatory variables (Table 1), and the 
results are displayed in Table 3. The final gamma fitted mod-
els (Table 3) have been selected based on minimum AIC value 
(3376.076). The final selected gamma models (Table 3) include 
some insignificant or partially significant factors (pctMphr, age, 
chest pain, bhr, basebp, basedp, dobEF, restwma) as confound-
ers. The diagnostic plots of joint generalized linear gamma fitted 
models (Table 3) have been displayed in (Figure 2).

Table 3: Results for Mean and Dispersion Models of Peak Heart Rate.

Model Covariate Esti-
mate

Stand-
ard 
Error

t-value p-
Value

Mean 
Model

Constant 4.0546 0.0387 104.65 <0.001

sbp (x3) -0.0009 0.0001 -6.96 <0.001

maxhr (x6) 0.0063 0.0004 12.86 <0.001

pctMphr (x7) 0.0002 0.0006 0.26 0.794

dpmaxdo (x9) 0.0001 0.0001 6.39 <0.001

age (x11) -0.0001 0.0004 -0.24 0.810

gender (Fx12 2) -0.0036 0.0021 -1.73 0.084

chestpain (Fx15 
2)

-0.0026 0.0022 -1.16 0.246

restwma (Fx16 
2)

0.0048 0.0023 2.08 0.037

hxofDM (Fx23 2) 0.0063 0.0021 2.93 0.003

Disper-
sion-
Model

Constant 2.2361 2.5544 0.875 0.381

bhr (y1) -0.0358 0.0343 -1.042 0.269

basebp (y2) -0.0225 0.0189 -1.189 0.234

basedp (x1) 0.0003 0.0002 1.148 0.251

sbp (x3) -0.0438 0.0054 -8.052 <0.001

pctMphr (x7) -0.0838 0.0068  <0.001

mbp (x8) 0.0428 0.0064 6.679 <0.001

dobdse (x10) -0.0566 0.0084 -6.765 <0.001

age (x11) 0.0257 0.0064 3.995 <0.001

dobEF (x14) 0.0093 0.0073 1.270 0.204

gender (Fx12 2) 0.3865 0.1487 2.599 0.009

chestpain (Fx15 
2)

0.3100 0.1473 2.105 0.035

restwma (Fx16 
2)

-0.0400 0.1621 -0.247 0.805

hxofDM (Fx23 2) -0.6411 0.1607 -3.989 <0.001

hxofCABG (Fx27 
2)

-0.3316 0.1920 -1.727 0.084
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The absolute residual values are plotted with respect to fitted 
values in Figure 2(a) for the gamma fitted models (Table 3). 
The residuals plot is exactly fat with respect to running means, 
indicating that the variance is constant for the fitted model. 
The normal probability plot of the fitted gamma mean model 
(Table 3) is displayed in Figure 2(b) which does not show any 
lack of fit with respect to variables or outliers.

 

Figure 2: For the gamma fitted models of peak heart rate (Table 3), the (a) 
absolute residuals plot with respect to fitted values, and the (b) normal 
probability plot of the mean model.

Results of Peak Heart Rate
The summarized results of peak heart rate are displayed in 
Table 3. It is observed (from Table 3) that the mean peak heart 
rate (pkhr) is separately negatively associated with the sys-
tolic blood pressure (sbp) (P < 0.001) and gender (P = 0.084), 
Also the mean pkhr is separately positively associated with 
the maximum heart rate (maxhr) (P < 0.001), dpmaxdo (P < 
0.001), resting wall motion abnormality on echocardiogram 
(restwma) (P = 0.037) and history of diabetes mellitus (hx-
ofDM) (P = 0.003). 

From the gamma fitted variance model (Table 3), the pkhr 
variance is separately negatively associated with the sbp (P 
< 0.001), pctMphr (P < 0.001), dobdose (P < 0.001), hxofDM 
(P < 0.001), and history of coronary artery bypass surgery 
(hxofCABG) (P = 0.084). Also the pkhr variance is separately 
positively associated with the mbp (P < 0.001), age (P < 0.001), 
gender (P = 0.009) and chest pain (P = 0.035). 

Interpretations of Peak Heart Rate
The mean model of peak heart rate (Table 3) interprets the 
followings: 
The mean peak heart rate (pkhr) is inversely significantly as-
sociated with the systolic blood pressure (sbp) (P < 0.001). 
The mean pkhr is directly significantly associated with the 
maximum heart rate (maxhr) (P < 0.001). This is due to the 
fact the maxhr is a function of pkhr. The mean pkhr is directly 
significantly associated with the double product of maximum 
dobutamine dose and mbp (dpmaxdo) (P < 0.001). The mean 
pkhr is inversely partially associated with the gender (male 
= 0, female = 1) (P = 0.084), implying that the pkhr is lower 
for DSE female cardiac patients than male. The mean pkhr is 
directly significantly associated with the resting wall motion 
abnormality on echocardiogram (yes  = 0, no = 1) (restwma) 

(P = 0.037), implying that the pkhr is lower of the DSE cardiac 
patients with having restwma than the patients without rest-
wma. The mean pkhr is directly significantly associated with 
the history of diabetes mellitus (yes = 0, no = 1) (hxofDM) (P = 
0.003), implying that the pkhr is lower of the DSE cardiac pa-
tients with having hxofDM than the patients without hxofDM.

The variance model of peak heart rate (Table 3) interprets the 
followings: 

The variance of the peak heart rate (pkhr) is inversely sig-

nificantly associated with the sbp (P < 0.001). The pkhr vari-
ance is inversely significantly associated with the pctMphr (P 
< 0.001). The pkhr variance is directly significantly associated 
with the mbp (P < 0.001). The pkhr variance is inversely sig-
nificantly associated with the dobdose (P < 0.001). The pkhr 
variance is directly significantly associated with the age (P < 
0.001), implying that the pkhr variance increases of the DSE 
cardiac patients at the older ages. The pkhr variance is directly 
significantly associated with the gender (male = 0, female = 1) 
(P = 0.009), implying that the pkhr variance is lower for male 
DSE cardiac patients than female. The pkhr variance is directly 
significantly associated with the chest pain (yes = 0, no = 1) 
(P = 0.035), implying that the pkhr variance is lower for the 
DSE cardiac patients having chest pain than the patients with 
no chest pain. The pkhr variance is inversely significantly as-
sociated with the history of diabetes mellitus (yes = 0, no = 
1) (hxofDM) (P < 0.001), implying that the pkhr variance is 
lower for the DSE cardiac patients having no hxofDM than the 
patients with hxofDM. The pkhr variance is inversely partially 
associated with the history of coronary artery bypass surgery 
(hxofCABG) (yes = 0, no = 1) (P = 0.084), implying that the pkhr 
variance is lower for the DSE cardiac patients having no hxof-
CABG than the patients with hxofCABG. 

Maximum Heart Rate Analysis, Results & Discussion
Maximum heart rate analysis 
The maximum heart rate (a continuous non-constant variance 
response) has been analyzed using the joint gamma models, 
based on the remaining other explanatory variables (Table 1), 
and the results are displayed in (Table 4). The final gamma fit-
ted models (Table 4) have been selected based on minimum 
AIC value (2748.75). The final selected gamma models (Table 4) 
include some insignificant or partially significant factors (dobEF, 
chest pain, newCABG, hxofDM, posSE, any event) as confound-
ers. The diagnostic plots of joint generalized linear gamma fit-
ted models (Table 4) have been displayed in (Figure 3). 

The absolute residual values are plotted with respect to fitted 
values in Figure 3(a) for the gamma fitted models (Table 4). 
The left and right tails of Figure 3(a) are respectively, decreas-
ing and increasing due to the large values at the two bounda-
ries. The middle part of the residuals plot is exactly fat with 
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respect to running means, indicating that the variance is con-
stant for the fitted model. The normal probability plot of the 
fitted gamma mean model (Table 4) is displayed in Figure 3(b) 
which does not show any systematic departure.
Table 4: Results for Mean and Dispersion Models of Maximum Heart 
Rate.

Model Covariate esti-
mate

stand-
ard 
error

t-value p-value

Mean 
model

Constant 4.1974 0.0251 166.70 <0.001

pkhr (x2) 0.0024 0.0002 8.06 <0.001

sbp (x3) 0.0019 0.0002 7.47 <0.001

dp (x4) -0.0001 0.0001 -8.02 <0.001

pctMphr 
(x7)

0.0061 0.0004 12.68 <0.001

mbp (x8) -0.0034 0.0002 -12.34 <0.001

dpmaxdo 
(x9)

0.0001 0.0001 13.05 <0.001

age (x11) -0.0031 0.0002 -11.31 <0.001

dobEF (x14) 0.0002 0.0001 1.87 0.062

chestpain 
(Fx15 2)

0.0030 0.0019 1.57 0.116

newCABG 
(Fx20 2)

0.0044 0.0028 1.53 0.126

hxofDM 
(Fx23 2)

0.0036 0.0019 1.89 0.059

hxofPTCA 
(Fx26 2)

0.0078 0.0025 3.08 <0.001

Disper-
sion-
model

Constant -3.7077 0.6781 -5.468 <0.001

dobdose 
(x10)

0.0243 0.0066 3.698 <0.001

age (x11) -0.0113 0.0070 -1.606 0.108

dobEF (x14) -0.0543 0.0064 -8.516 <0.001

gender 
(Fx12 2)

0.3988 0.1487 2.682 0.007

posSE (Fx17 
2)

-0.3132 0.1741 -1.799 0.072

newCABG 
(Fx20 2)

-1.2211 0.3863 -3.161 <0.001

death (Fx21 
2)

-1.0345 0.4503 -2.297 0.0219

hxofDM 
(Fx23 2)

-0.4870 0.1438 -3.386 <0.001

hxofCig 
(Fx24 2)

0.3333 0.1630 2.045 0.041

hxofCig 
(Fx24 3)

0.4661 0.1672 2.787 0.005

hxofPTCA 
(Fx26 2)

-1.1451 0.3058 -3.745 <0.001

any event 
(Fx28 2)

0.4676 0.3044 1.536 0.125

ecg (Fx29 2) -0.5130 0.1445 -3.549 <0.001

ecg (Fx29 3) -0.1795 0.2307 -0.778 0.436

  

Figure 3: For the gamma fitted models of maximum heart rate (Table 4), 
the (a) absolute residuals plot with respect to fitted values, and the (b) 
normal probability plot of the mean model.

Results of Maximum Heart Rate

The summarized results of maximum heart rate are displayed 
in Table 4. It is observed (from Table 4) that the mean maxi-
mum heart rate (maxhr) is separately positively associated 
with the pkhr (P < 0.001), sbp (P < 0.001), pctMphr (P < 0.001), 
dpmaxdo (P < 0.001), dobEF ( P= 0.062), chest pain (P = 0.116), 
newCABG (P = 0.126), hxofDM (P = 0.059), and hxofPTCA (P = 
0.002). The mean maxhr is separately negatively associated 
with the double product of pkhr and sbp (dp) (P < 0.001), mbp 
(P < 0.001), and age (P < 0.001).
From the gamma fitted variance model (Table 4), the maxhr 
variance is separately negatively associated with the age (P 
= 0.108), dobEF (P < 0.001), posSE (P = 0.072), newCABG (P < 
0.001), death (P < 0.021), hxofDM (P < 0.001), hxofPTCA (P < 
0.001), ecg (P < 0.001), Also the maxhr variance is separately 
positively associated with the dobdose (P < 0.001), gender (P 
= 0.007), hxofCig (P = 0.041), any event (0.125).

Interpretations of Maximum Heart Rate

The mean model of maximum heart rate (Table 4) interprets 
the followings: 

The mean maximum heart rate (maxhr) is directly significantly 
associated with the pkhr (P < 0.001). This is due to the fact 
maxhr is a function of pkhr. The mean maxhr is directly signifi-
cantly associated with the sbp (P < 0.001). The mean maxhr is 
inversely significantly associated with the double product of 
pkhr & sbp (dp) (P < 0.001). The mean maxhr is directly sig-
nificantly associated with the pctMphr (P < 0.001). The mean 
maxhr is inversely significantly associated with the mbp (P < 
0.001). The mean maxhr is directly significantly associated 
with the dpmaxdo (P < 0.001). The mean maxhr is inversely 
significantly associated with the age (P < 0.001), implying that 
the maxhr decreases or increases according as the older or 
younger ages. The mean maxhr is directly partially significant-
ly associated with the dobEF (P = 0.062). The mean maxhr is 
directly partially significantly associated with the chest pain 
(yes = 0, no = 1) (chestpain) (P = 0.116), or the recent bypass 
surgery (yes = 0, no = 1) (newCABG) (P = 0.126), implying that 
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the maxhr is lower of the DSE cardiac patients with having 
chestpain, or newCABG, and vice versa. The mean maxhr is 
directly significantly associated with the hxofDM (yes = 0, no 
= 1) (P = 0.059), or the history of angioplasty (yes = 0, no = 1) 
(hxofPTCA) (P = 0.002), indicating that the maxhr is higher of 
the DSE cardiac patients with no hxofDM, or hxofPTCA.

The variance model of maximum heart rate (Table 4) inter-
prets the followings: 
The variance of the maxhr is positively significantly asso-
ciated with the dobdose (P < 0.001). The maxhr variance is 
inversely partially associated with the age (P = 0.108), indi-
cating that the maxhr variance increases of the DSE cardiac 
patients at the younger ages. The maxhr variance is inversely 
significantly associated with the dobEF (P < 0.001). The maxhr 
variance is directly significantly associated with the gender 
(male = 0, female = 1) (P = 0.007), implying that the maxhr 
variance is higher for female DSE cardiac patients than male. 
The maxhr variance is inversely partially associated with the 
positive stress on echocardiogram (yes = 0, no = 1) (posSE) (P 
= 0.072), indicating that the maxhr variance is higher for the 
DSE cardiac patients having the posSE. The maxhr variance is 
inversely significantly associated with the newCABG (yes = 0, 
no = 1) (P < 0.001), indicating that the maxhr variance is higher 
for the DSE cardiac patients having the newCABG. The maxhr 
variance is inversely significantly associated with the death 
(yes = 0, no = 1) (death) (P = 0.021), implying that the maxhr 
variance is higher for the DSE cardiac patients who are close to 
death than the living patients. The maxhr variance is inversely 
significantly associated with the hxofDM (yes = 0, no = 1) (P 
< 0.001), implying that the maxhr variance is higher for the 
DSE cardiac patients having the hxofDM. The maxhr variance 
is directly significantly associated with the history of smoking 
(non-smoker = 0, medium = 1, high = 2) (hxofCig), implying 
that the maxhr variance is higher for the DSE cardiac patients 
with smoking status at medium level (P = 0.041) and at high 
level (P = 0.005) than the non-smokers. The maxhr variance 
is inversely significantly associated with the history of angio-
plasty (yes = 0, no = 1) (hxofPTCA) (P < 0.001), implying that 
the maxhr variance is higher for the DSE cardiac patients with 
hxofPTCA. The maxhr variance is directly partially associated 
with the factor any event (death = 0, no = 1) (P = 0.125), imply-
ing that maxhr variance is higher for the living DSE cardiac pa-
tients than the patients close to death. The maxhr variance is 
inversely significantly associated with the baseline electrocar-
diogram diagnosis (normal = 0, equivocal = 1, MI = 2) (ecg) at 
equivocal level (P < 0.001), implying that the maxhr variance is 
lower for the DSE cardiac patients with ecg at equivocal level 
than the others. 

CONCLUDING REMARKS
The determinants of the basal, peak and maximum heart rates 

of the DSE cardiac patients are derived in (Tables 2 to 4). The 
effects of the determinants are described in the interpretation 
sections. From (Tables 2), it is observed that mean basal heart 
rate is negatively associated with the basal BP, or double prod-
uct of maximum dobutamine dose, or dobutamine dose at 
maximum double product, or age, or positive stress on echo-
cardiography, while it is positively associated with the double 
product of basal BP & basal heart rate, or percent maximum 
predicted heart rate, or maximum BP. Variance of basal heart 
rate is positively associated with the given dobutamine dose, 
or sex, or chest pain , while it is negatively associated with the 
basal BP, or maximum BP, or age, or ejection fraction at dobu-
tamine dose, or history of angioplasty. (Table 3) shows that 
mean peak heart rate is positively associated with the maxi-
mum heart rate, or percent maximum predicted heart rate, 
or double product of maximum dobutamine dose, resting wall 
motion abnormality on echocardiogram, or history of diabetes 
mellitus, while it is negatively associated with the systolic BP, 
or age, or sex, or chest pain. The variance of peak heart rate 
is negatively associated with systolic BP, or percent maximum 
predicted heart rate, or dobutamine dose at maximum double 
product, or history of diabetes mellitus, or history of coronary 
artery bypass surgery, while it is positively associated with the 
maximum BP, or age, or sex, or chest pain. From Table 4, the 
mean maximum heart rate is positively associated with the 
peak heart rate, or systolic BP, or percent maximum predicted 
heart rate, or double product of maximum dobutamine dose, 
or ejection fraction at dobutamine dose, or history of diabetes 
mellitus, or history of angioplasty, while it is negatively associ-
ated with the double product of peak heart rate & systolic BP, 
or maximum BP, or age. The variance of maximum heart rate 
is positively associated with the dobutamine dose at maxi-
mum double product, or sex, or history of smoking, while it 
is negatively associated with the age, or ejection fraction at 
dobutamine dose, or positive stress on echocardiogram, or re-
cent bypass surgery, or history of diabetes mellitus, or history 
of angioplasty, or status of echocardiography.  
It is observed from (Table 3 and 4) that the peak and maxi-
mum heart rates are positively associated with each other. 
The mean basal heart rate is negatively associated with the 
basal blood pressure, and it is positively associated with the 
maximum blood pressure (Table 2). The variance of basal 
heart rate is negatively associated with both the basal and 
maximum blood pressure (Table 2). The mean and the vari-
ance of peak heart rate are negatively associated with the 
systolic blood pressure, while the variance of peak heart rate 
is positively associated with the maximum blood pressure (Ta-
ble 4). The mean maximum heart rate is positively associated 
with the systolic blood pressure, and it is negatively associat-
ed with the maximum blood pressure (Table 4). These results 
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conclude that the heart rates (basal, peak and maximum) are 
highly associated with the basal, systolic and maximum blood 
pressures. Age is an important factor of heart rates. The mean 
and the variance of basal heart rate are significantly negatively 
associated with the age (Table 2), while the mean peak heart 
rate is insignificantly negatively associated with age, and the 
variance of peak heart rate is significantly positively associ-
ated with the age (Table 3). On the other hand, the mean and 
the variance of maximum heart rate are respectively, nega-
tively significantly and partially associated with the age (Table 
4). Smoking is also an important determinant of basal (Table 
2) and maximum heart rate (Table 4). There are many more 
determinants of the heart rates (given in Tables 2-4). 

The present report attempts to derive the determinants of the 
heart rates of the DSE cardiac patients (Tables 2-4). It derives 
the complex relationships of the three heart rates with their 
determinants (Tables 2-4). It is true that a probabilistic model 
reveals the inherent truth that is covered in a complex sys-
tem. There are two purposes in the present report. The first 
is to derive the heart rate determinants of the DSE data, and 
to compare the derived results with the previous research 
results. The second purpose is to compare the statistical as-
sumptions used by previous researchers regarding the heart 
rate determinants with the present assumptions. Our concern 
is that the earlier research, using some inappropriate statisti-
cal assumptions, would draw important conclusions from er-
roneous assumptions. The given DSE data set is heterogene-
ous and positive, therefore, the joint generalized log-normal 
and gamma model fittings are more appropriate for this data 
set [24, 26]. We have computed both the JGLMs for this data 
set, and it is found that the gamma JGLM results are better 
than the log-normal fit (not shown), so only the gamma JGLM 
results are displayed. The current derived results, though not 
completely conclusive, are revealing:

*The current findings have been derived based on the fol-
lowing statistical criteria. First, is that the final findings have 
been derived based on comparing both the gamma and the 
log-normal models. Second, is that the derived estimates have 
very small standard errors (Tables 2-4). Third, is the smallest 
AIC value within the model class. Fourth, is identifying the ap-
propriate response distribution. Fifth, is the proper regression 
diagnostic using graphical analysis. 

*The present findings confirm some earlier research outputs, 
and some conflicts of earlier research outputs have been at-
tempted to remove. 

*A fundamental conclusion has to do with the use of previous 
derived statistical models. While further research is called for, 
it is observed that the gamma joint GLMs (for basal, peak and 
maximum heart rates) are much more efficient than either 

classical regression analysis or joint log-normal, as they bet-
ter fit the data. In short, research should have greater faith in 
the present results than those emanating from the previous 
models.
The heart rate (basal, peak and maximum) determinants, 
their effects and associations are derived in the above sec-
tions. These results are almost new in the cardiology litera-
ture. It is too hard to determine the individual changes in the 
heart rate even by an expert cardiologist, as there are many 
factors are responsible for changing the heart rates in both 
the mean and variance models [Tables 2-4]. Cardiac patients 
and medical practitioners will be benefited from the present 
research outputs. The present findings are associated with the 
DSE data set, even though this report recommends the follow-
ing for all individuals. Heart rates are related with the blood 
pressure, so care should be taken for both the heart rates and 
blood pressure together. Smoking should be stopped (Table 
4). Heart rate should be considered along with the age, sex, 
patient conditions such as chest pain, positive stress, resting 
wall motion abnormality on echocardiogram, history of diabe-
tes mellitus, history of angioplasty (Tables 2-4). Dobutamine 
dose and its interaction effect with other factors (Tables 2-4) 
should be considered on determining the heart rates. 
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